CS 173, Spring 2016 NETID:
Examlet 8, Part A
FIRST: LAST:

Discussion: Monday 9 10 11 12 1 2 3 4 5

(20 points) Suppose that g : ZT — Z is defined by

g(n) =4(g(n—1) = g(n - 2))
Use (strong) induction to prove that g(n) = n2".

Solution: Proof by induction on n.

Base case(s): At n =1, g(n) =2 and n2" = 1-2! = 2, so the claim holds. At n =2, g(n) = 8 and
n2" = 2-22 =8, so the claim holds.

Inductive Hypothesis [Be specific, don’t just refer to “the claim”]: Suppose that g(n) = n2" for
n=1,...,k—1.

Rest of the inductive step: In particular, the inductive hypothesis tells us that g(k—1) = (k—1)2F1
and g(k — 2) = (k —2)2k2
So
g(k) = A(g(k —1) = g(k —2)) = 4((k — 1)2"7" — (k — 2)2" 7
= 4(k—1)2"1 —4(k —2)2"% = (2k — 2)2" — (k — 2)2*
= k2

So g(k) = k2%, which is what we needed to prove.
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(20 points) Suppose that g : ZT — Z is defined by

g(n) =g(n —1) +2g(n - 2)

Use (strong) induction to prove that g(n) = 3 - 2771 4+ 2(—1).

Solution: Proof by induction on n.

Base case(s): Atn=1,¢g(n)=1and 3-2"1+2(-1)"=3-2°+2(—1) =3 — 2 =1, so the claim
holds.

Atn=2 g(n)=8and 3-2"" 1 +2(-1)" =3-2' +2(—1)> =6+ 2 = 8, so the claim holds.

Inductive Hypothesis [Be specific, don’t just refer to “the claim”]: Suppose that g(n) = 3-2"! +
2(=1)" forn=1,...,k— 1L

Rest of the inductive step: In particular, by the inductive hypothesis, g(k—1) = 3-2F242(—1)*"1
and g(k —2) =3 - 283 4 2(—1)k2

So

glk) = glk—1)—2g(k—2)=(3-2"2 4 2(—=1D)F Y +2(3-2"3 +2(—1)?
= 3224 2(—1)F 46288 - 4(—1)F
= 32824 2(—1)F 4 3. 2M2 4 (1)

= 6-28 2 2(—1)F =328 L o(—1)”

So g(k) = 3- 281 4+ 2(—1)*, which is what we needed to show.



CS 173, Spring 2016
Examlet 8, Part A

NETID:

FIRST:

LAST:

Discussion: Monday 9 10 11

12 1

(20 points) Suppose that f: ZT — Z is a function such that

f(1) and f(2) are odd
f(n) =2f(n=1) +3f(n—2)

Use (strong) induction and the definition of odd to prove that f(n) is odd for all positive integers n.

Solution: Proof by induction on n.

Base case(s): We're told in so many words that f(1) and f(2) are odd. So the claim is true at n =1

and n = 2.

Inductive Hypothesis [Be specific, don’t just refer to “the claim”]: Suppose that f(n) is odd for

n=1,...,k—1.

Rest of the inductive step: In particular, by the inductive hypothesis, f(k — 1) and f(k — 2) are
odd. So f(k—1)=2p+1and f(k—2) = 2q+ 1, for some integers p and g.

fk) = 2f(k—1)+3f(k—2)=22p+1)+3(2¢+1)
= 4dp+2+6¢+3=4p+6¢g+5=22p+3¢g+2)+1

Let t = 2p+3g+ 2. Then f(k) = 2t + 1 and tt is an integer since p and ¢ are integers. So f(k) is

odd, which is what we needed to show.
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(20 points) Recall that

cos(z + y) = cos(z) cos(y) — sin(z) sin(y)
sin(z + y) = sin(x) cos(y) + cos(x) sin(y)

Use (strong) induction to prove that (cosx + isinx)™ = cos(nz) + isin(nz), for any natural number
n. (i is the square root of —1.)

Solution: Proof by induction on n.
Base case(s): At n =0, (cosz +isinz)? =1 and cos(0) +isin(0) =1+ 0 = 1. So the claim holds.

Inductive Hypothesis [Be specific, don’t just refer to “the claim”]: Suppose that (cosz+isinx)” =
cos(nzx) +isin(nz), forn =0,..., k.

Rest of the inductive step: In particular, by the inductive hypothesis, (cos x+isinz)* = cos(kx)+
isin(kz).

Then

k+1

(cosz 4 isinx) = (cosx +isinz)(cosz + isinz)"

= (cosz + isinz)(cos kx + isin kx)
= coskx cosz — sin kx sin x + i(cos kx sin x + sin kx cos x)
cos((k + 1)z) + isin((k + 1)x)

So (cosz +isinz)*! = cos((k + 1)z) + isin((k + 1)x), which is what we needed to show.
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(20 points) Suppose that g : ZT — Z is defined by

9(n) =2g(n —1) +3g(n —2)
Use (strong) induction to prove that g(n) = $(3"~! — (=1)")
Solution: Proof by induction on n.

Base case(s): At n=1, g(n) =1and 1(3"' — (-1)") = 3(1 — (=1)) = 1 n2" = 1-2! = 2, so the
claim holds. At n =2, g(n) =1 and 3(3"' — (=1)") = 3(3 — 1) = 1, so the claim holds.

Inductive Hypothesis [Be specific, don’t just refer to “the claim”]: Suppose that g(n) = %(3”*1 —
(=)™ forn=1,...,k—1.

Rest of the inductive step: In particular, the inductive hypothesis tells us that g(k — 1) =
3372 = (=11 and g(k — 2) = 5(3"° — (=1)*?)

So
g(k) = 2Aglk— 1)+ 3g(k ~2)) = 253 — (<18 ) + 353 — (~1)F2)
= %(2 3= 2(=1)F 43380 = 3(—1)?)
= %(2 Lgk—2 2(_1)7671 432 4 3(_1)k71)
= LB 3T (D) = @ - (1
So g(k) = 3(3¥' — (=1)*) , which is what we needed to prove.
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(20 points) The operator [] is like > except that it multiplies its terms rather than adding them.
So e.g. Hi:g(P +1)=4-5-6.

Use (strong) induction to prove that []_,(1 — Z%) = 2tl for any integer n > 2.

Solution: Proof by induction on n.
Base case(s): At n =2, [[)_,(1 - }%) = (1—4)=2and & =2, so the claim holds.

n+1

Inductive Hypothesis [Be specific, don’t just refer to “the claim”]: Suppose that HZ:z(l — }%) = ot

forn=2,...,k

Rest of the inductive step: In particular, from the inductive hypothesis H];ZQ(I — =

So
k+1 k
1 1 1
1-—) = (0= 500 - o=
10 =5 = (0-300 - 5p)
LS SV SN b SLE
2% (k+1)2" 2k 2k(k+1)2
k411 (kD21
2k 2k(k+1)  2k(k+1) 2k(k+1)
(k12 -1)  K2+2k) E(k+2) k42
 2k(k+1)  2k(k+1)  2k(k+1)  2(k+1)
So H];i%(l — ) = z(kkfnv which is what we needed to show.



