CS 173, Fall 17 Examlet 8, Part A 1

Name:

NetlD: Lecture: A B
Discussion: @ Thursday Friday 9 10 11 12 1 2 3 4 5 6

(20 points) Use (strong) induction to prove that a — b divides a™ — b", for any integers a and b and
any natural number n.

Hint: (a" —b")(a + b) = (@™ — b") + ab(a™! — b"7 1), for any real numbers a and b.

Solution: Let a and b be integers.

Proof by induction on n.

Base case(s):

At n=0,a"—b"=1—1=0, which is a multiple of any integer. So it’s divisible by a — b.

Atn=1,a"—-b"=a—0>, so a— b divides a" — b".

[Notice that we need two base cases because our inductive step will use the result at two previous
values of n.]|

Inductive Hypothesis [Be specific, don’t just refer to “the claim”]:

Suppose that a — b divides a™ — b", for n =0,1,... k.

Rest of the inductive step:
From the hint, we know that a**! — bk = (a* — 0*)(a + b) — ab(a*~1 — b*71)

Notice that (a* — b*) is divisible by (a — b) by the inductive hypothesis. (a + b) is an integer since a
and b are integers. So (a® — b¥)(a + b) must be divisible by (a — b).

Similarly, (a*~!—b*71) is divisible by (a—b) by the inductive hypothesis. Also ab is an integer because
a and b are integers. So ab(a*~! — b*71) is divisible by (a — b).

So (a* — b*)(a + b) — ab(a*~1 — ¥*~1) must be divisible by (a — b), and therefore a**! — ¥+ must be
divisible by (a — b), which is what we needed to show.
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(20 points) Suppose that f: N* — N is defined by

f(n,0) = f(n,n) =1, for any natural number n

f(nya) = f(n—1,a—1)+ f(n—1,a), for all n and a such that 1 <a <n-—1

Use (strong) induction to prove that f(n,a) = W for any natural numbers a and n, where n > a.
Hint: use n as your induction variable. At each step, make sure the equations work for an arbitrary
natural number a < n.

Solution: Proof by induction on n.

Base case(s): At n = 0, a must also be zero. So f(n,a) = f(0,0) = 1. Also a!(:ia)! =2 =1 So
the claim holds.

n!

Inductive Hypothesis [Be specific, don’t just refer to “the claim”]: Suppose that f(n,a) =

al(n—a)!
forn =0,...,k — 1 and any natural number a < n.
Rest of the inductive step: Let a be a natural number < k. There are three cases:
Case 1: a = k. Then f(k,a) =1 by the definition of f. Also a!(:ia)! = W = 1. So the claim holds.
Case 2: a = 0. Then f(k,a) = 1 by the definition of f. Also a!(:ia), = W = 1. So the claim holds.
Case 3: 1 < a < k—1. Then by the inductive hypothesis f(k—1,a—1) = % and f(k—1,a) =
=Dl Then
al(k—1—a)!"
(k—1)! (k—1)!
k = k—1,a—1 kE—1 =
(k—1)! (k—1)! ~ak-1)!  (k—a)(k—1)!
(a— D k—a) al(k—1—a)  al(k—a) al(k —a)!
_ k(E=1)! k!
alk—a)  al(k—a)

So f(k,a) = ﬁ, which is what we needed to show.
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Name:

NetlD: Lecture: A B
Discussion: @ Thursday Friday 9 10 11 12 1 2 3 4 5 6

(20 points) (20 points) Suppose that f : N — Z is defined by
f(0) =2 f(1)=5 f(2) =15
f(n)=6f(n—1)—11f(n—2) +6f(n—3), for alln >3

Use (strong) induction to prove that f(n) =1—2"+2.3"

Solution: Proof by induction on n.

Base case(s): At n=0, f(0)=2and 1 -2"+2-3"=1—-1+2=2
Atn=1, f()=5and 1 —2"+2.3"=1—-2+6=5
Atn=2, f(2)=15and 1 — 2" +2.3" =1 — 4+ 18 = 15

So the claim holds at all three values.

Inductive hypothesis [Be specific, don’t just refer to “the claim”]:

Suppose that f(n)=1—-2"+2-3"forn=0,1,...,k— 1.

Rest of the inductive step: By the definition of f and the inductive hypothesis, we get

f(k) = 6f(k—1)=11f(k—2)+6f(k—3)
= 6(1—-2""14+2.3" ) —11(1 —2F242.352) 1 6(1 — 282 4 2.3579)
= (6-11+6)—(6-2"—11-2"246-23)+2(6-3"' —11.3"2+6.3F7)
= 1—(12-2"2 —11-28243. 28 %) 1 2(18 -3 2 — 11 - 382 1 2.3F2)
= 1-4-28242.9.3F2=1_2F12.9F

So f(k) =1— 2% 4+2.2% which is what we needed to show.
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(20 points) Suppose that f: N — N is defined by

O =0 fa)=1
f(n)=f(n—1)+ f(n—2) for all n > 2.

a — b
a—>b
First show that > = a + 1 and 0® = b+ 1: Solution: Notice that a? = (1£Y5)? = L42V/645 _
N R
> :

Similarly b? = (15/8)2 = 1220545 — 6=2V5 — 1 4 155 — ] 4,

Let a = ”—2\/5 and b = 1,T¢g Use (strong) induction to prove that f(n) =

Solution: Proof by induction on n.
) _ _ an—b" _ 1-1 _
Base case(s): At n =0, f(n) =0. Also “=~ = 1= = 0.

_ _ a”=b" __ a—=b __
Atn—l,f(n)—l AISOW—E—l.

Inductive Hypothesis [Be specific, don’t just refer to “the claim”]: Suppose that f(n) = aZ:Zn, for
n=0,1,...,k— 1.
Rest of the inductive step: In particular, by the inductive hypothesis, f(k — 1) = akfijzkfl and

ak’27bk’2

f(k—2) = %—=—. Then

akfl o bkfl ak72 o bk72
) = =1+ fh-2) =
— - i b(&k—l o bk—l =+ &k;—Q o bk;—2)
= ﬁ(ak_Q(a +1) =6 2(b+1))
1
= m(akq(@% =) = P b(ak — ")

So f(k) = aZ:Ib’k, which is what we needed to show.
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(20 points) Suppose that g : ZT — Z is defined by

g(n) =g(n—1)+2g(n - 2)
Use (strong) induction to prove that g(n) = 3 - 2771 4+ 2(—1)".
Solution: Proof by induction on n.

Base case(s): Atn=1,¢g(n)=1and 3-2"1+2(-1)"=3-2°+2(—1) =3 — 2 =1, so the claim
holds.
Atn=2 g(n)=8and 3-2"" 1 +2(-1)" =3-2' +2(—1)> =6+ 2 = 8, so the claim holds.

Inductive Hypothesis [Be specific, don’t just refer to “the claim”]: Suppose that g(n) = 3-2""! +
2(=)" forn=1,...,k—1.

Rest of the inductive step: In particular, by the inductive hypothesis, g(k—1) = 3-2F242(—1)*"1
and g(k —2) = 3-2F3 4 2(—1)k2

So

g(k) = g(k=1)—2g(k - 2) (3-2"2+2(=1)" 1) +2(3- 27+ 2(-1)"?)
1

= 32824 2(—1)F 4623 4 4(—1)h 2
= 3.2" 2+2( )’@ '+3. 2’“ 2 —4(— 1)’€ !

So g(k) = 3- 281 4+ 2(—1)*, which is what we needed to show.
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(20 points) The operator [] is like > except that it multiplies its terms rather than adding them.
So e.g. Hi:g(P +1)=4-5-6. Use (strong) induction to prove that

Hm+1—p_ m!
P ~ nl(m —n)!

p=1

for any positive integers m and n where m > n. Hint: use n as your induction variable. At each step,
make sure the the equations work for an arbitrary integer m > n.

Solution: Proof by induction on n.

. _ n +1-p _ m+1-1 __ ! o ! o .
) 1(]i?)afse case(s)>. Atn =1, [, ™ > P = "= =m. And Tt = Tt — M- So the claim
olds for any m > n.

. . . . . n m + 1 —
Inductive Hypothesis [Be specific, don’t just refer to “the claim”]: Suppose that H mrT=r_
p=1 P
m!
forn =1,...,k and any integer m > n.
n!(m —n)!

Rest of the inductive step: Let m be any integer > n+ 1. Notice that m > n. So, by the inductive

k
. +1-— !
hypothesis, H mn P _ mn

= ' . Then
et P kl(m — k)!
’ﬁm+1—p B (m+1)—(k+1).ﬁm+1—p_(m+1)—(k+1). m!
e P E+1 e P E+1 El(m — k)!
- m—k m/! B m/!
 k+1 Elm—k)! (k+DY(m—k—1)
m!
kR D(m— (k+1)!
41— m!
So};[1 ’ P _ 0T 1)!(m; CEShIk i.e. our claim holds at n = k+ 1, which is what we needed

to prove.



