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Use (strong) induction to prove the following claim:

Claim: " | 2 =31 _ 1

p=1 p24+2p 2 (n+1) (n+2)
Solution: Proof by induction on n.

Base case(s): At n =1, Zp 1p(p+2):§:%_%_%

Inductive hypothesis [Be specific, don’t just refer to “the claim”]:

Suppose that Zp 1 p(p+2) = % — ﬁ — m is true for alln =1,2,... k.

Rest of the inductive step:

Notice that Zlfi e = o) = ZI; 1 p(p2+2) + (k+1)2(k+3). By the inductive hypothesis, we know that
2221 p(p2+2) =3 ﬁ - (kT So we have
«— 2 3 1 1 2
;p(mz) T2 TGt k12 RrDE3)
3 1 1 2
D EED R ENEE)
_ 3 1 N 2—(k+3)
2 (k+2) (k+1)(k+3)
_ 31 N —(k+1) 3 1 1
2 (k+2)  (k+1(k+3) 2 (k+2) (k+3)

SoShl_2 __3_ _1__ ;), which is what we needed to prove.
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If f is a function, recall that f’ is its derivative. Recall the product rule: if f(z) = g(x)h(zx), then
f'(z) = ¢ (x)h(x) + g(x)h (x). Assume we know that the derivative of f(z) =z is f'(x) = 1.

Use (strong) induction to prove the following claim:

For any positive integer n, if f(z) = 2" then f'(x) = na" %

Solution: Proof by induction on n.
Base case(s): n = 1. Then f(z) = . So f'(z) = 1. But also na"™* =1-n° = 1. So the claim holds.

Inductive Hypothesis [Be specific, don’t just refer to “the claim”]: Suppose that if f(z) = 2™ then
f'(z) =na"t forn=1,... k.

Rest of the inductive step: Suppose that f(x) = 2**1. Let g(z) = x and h(x) = 2*. By the product
rule f'(z) = g'(x)h(z) + g(x)h'(z).
Since g(x) = z, we know that ¢’(x) = 1. By the inductive hypothesis we know that h'(z) = ka*~1.

So f'(z) = ¢'(z)h(x) + g(x)W (z) = 1- 2% + - ka*~1. Simplifying, we get f'(x) = 2% + ka* = (1 +k)z*.
So f'(z) = (1 + k)z*, which is what we needed to show.
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Let A be a constant integer. Use (strong) induction to prove the following claim. Remember that
ol =1.

Claim: For any integer n > A, Zp A A'(;' o= (AJF(SJ!F(;!A)!

Solution: Proof by induction on n.

A41)! nt1)!
Base case(s): Atn=A,5° 4 e A) =0 = 1= (1(4-:1)!)0! = (AJr(l)J!r(n)—A)!

Inductive hypothesis [Be specific, don’t just refer to “the claim”]:

Suppose that Y7, A!(;iA)! = (Aff)?r(;)iA)! is true for alln = A, ... k.

Rest of the inductive step:

In particular, ZI;:A A!(;’iA) (A+(f)+1 ; So then
k k
25 S P (k)
A'p A)! — Allp—A)  Al(k+1- A)!
B (k+1)! (k+1)!
(A DI(k=A)! Alk+1— A)
(k+1—-A)(k+1)! (A+1)(k+1)!
A+ DI k+1—A) (At D)kt 1= A)
(E+2)(k+1)! (k+2)!

A+ DI(k+1-A)) A+DIk+1-A)

So Z];J:j il If’i = @ +1()k(ﬁr)1 VR which is what we needed to show.
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Use (strong) induction to prove the following claim:

Claim: Z 2(=1)"p? = (—1)"n(n + 1), for all positive integers n
p=1

Solution: Proof by induction on n.

Base case(s): At n =1, " 2(=1)"p* = 2(~1)'1*> = =2. And (=1)"n(n+1) = (=1)'1-2 = -2. So
the claim holds.

Inductive hypothesis [Be specific, don’t just refer to “the claim”]:

Suppose that Z 2(—=1)’p* = (=1)"n(n + 1), forn = 1,2,.. . k.

p=1

Rest of the inductive step:

k+1 k
D 2(=1pp? =2(-1)F(k+ 17+ ) 2(-1
p=1 p=1

k
By the inductive hypothesis, we know that Z 2(—1)Pp? = (—1)*k(k + 1). Substituting this into the
p=1

previous equation, we get

> o2(=1p* = 2=k +1)% + (1) k(k + 1)

= (k+1)(-D)"Q2(k+1)—k)
= (k+ D=0 k+2) = (D" (k+1)(k+2)

k+1
So ZQ(—l)%z = (=1)*"(k 4 1)(k + 2) which is what we needed to show.

p=1
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Use (strong) induction and the fact that )" ji = n(n;l) to prove the following claim:

For all natural numbers n, (3", i) = Sy
Solution: Proof by induction on n.
Base case(s): At n =0, (3)1,4)° =02=0= 3", So the claim is true.

Inductive Hypothesis [Be specific, don’t just refer to “the claim”]:
Suppose that (37, i) = it forn=0,1,... k.

Rest of the inductive step:
Starting with the lefthand side of the equation for n = k£ 4+ 1, we get

k1 0\ 2 k k 2
(Zz) (k:+1 +Z> (k+1) +2(k+1)Zi+<Zz’>

2
By the inductive hypothesis (Zf:o Z) = Zf:o 3. Substituting this and the fact we were told to
assume, we get

1 N 2 k(4 1) k k k k41
<Zi> = (bt 1212k + ) =g ) i = (kD k(k+ 1)+ Y = (k+1)°+ Y i =)
i—0 i=0 =0 =0 =0

=0

2
So (ZHI z) — S°F*1i% which is what we needed to show.
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The operator [] is like )  except that it multiplies its terms rather than adding them. So e.g.
H;:?)(p +1)=4-5-6. Use (strong) induction to prove the following claim:

[T)_,(1— &) =2t for any integer n > 2.

Solution: Proof by induction on n.

Base case(s): At n =2, [[7_,(1 - I%) =(1-1)=2and % = 3 5o the claim holds.

Inductive Hypothesis [Be specific, don’t just refer to “the claim”]: Suppose that szz(l—;,%) = ntl
forn=2...,k

Rest of the inductive step: In particular, from the inductive hypothesis H';:2(1 — 1)=&t

p 2k
So
k+1 1 k 1 1
g(l p2) = (g(l p2))(1 (k+1)2)
 k+1 1 k+1l k41
= (S _(k:+1)2)_ ok 2k(k+1)2
k41 1 _ (k+1)? 1
T2k 2k(k+1)  2k(k+1)  2k(k+1)
(k12 -1) K42k k(k+2)  k+2
 2k(k+1)  2k(k+1)  2k(k+1)  2(k+1)
So H';J:r;(l—l%) = %, which is what we needed to show.



