- 1. Let C denote the curve pictured at right, with the orientation shown.

(a) For F(x,y)=(xy, 0), compute f F.drdirectly. (3 points)
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(b) Check your answer to part (a) using Green’s Theorem. (3 points)
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For each function label its graph from among the options below: (2 points each)
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(2) Answer:

(A)

(B)

We see that if we set £ = 0, then the function becomes —y?, which is a parabola openning
downward. Similarly, if we set y = 0, then the function becomes 2, which is a parabola
opening upwards. The only picture that matches this one is the upper middle one.

We see that along z = 0 and y = 0, the function has a constant value of 1. On the other hand,
along y = z and y = —z, the function has a value cos(2z). The only picture that matches this
one is the lower right one.

If we rewrite this function in terms of polar coordinates, it becomes e~"". Since this does not
depend on 6, the graph should be rotationally symmetric. If » = 0, the function has a value
1. If r is a very large positive number, the function will approach zero. The only picture that
matches this one is the lower middle one.



3. (a) Each picture below depicts both (i) a constraint curve C defined by g(x,y) = 1 for a function g(x, y),

and (ii) a level curve f(x, y) = M of a function f(x, y). Mark the boxes of all and only those pictures for

which M could be the maximum value of f(x, y) subject to the constraint g(x, y) = 1. [In every picture,
you should assume that V f is always nonzero.] (2 points)
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(b) Suppose a function f(x, y) attains its minimum value, subject to the constraint 2x* + 2xy% + y* = 5, at
(x,y) = (1,1). Assuming that Vf(1,1) # (0,0), find a nonzero vector v parallel to Vf(1,1). (3 points)
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4. Suppose f(x,y): R* — R has the table of values and partial derivatives shown at right. For x(s, 1) = s + 21

oF
and y(s, 1) = s~ t, let F(s, 1) = f(x(s, ©), y(s, 1)) be their composition with f. Compute 5%-(2, 1). (3 points)
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(3) Answer: The level curve corresponding to the maximum value in a constrained optimization problem
must be tangent to the constraint curve.



- 5. For each of the integrals see vt | an 14/ f/‘-/o(@ noAie
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label the solid corresponding to the region of integration below. (1 point each)
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6. Compute the mass of solid region E shown at right if the mass density is p(x, y,2) = z. (4 points)
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(5) Answer:

(A)

(B)

If we project this shape onto the zy-plane, we will have the unit square, since the x-bounds and
the y-bounds are both 0 to 1. Additionally, one of the z-bounds is z = 1 — z. The only option
that has these characteristics is the top right one.

If we project this shape onto the yx-plane, we will have the unit square, since the y-bounds and
the z-bounds are both 0 to 1. Additionally, the z-bounds are x = 0 and « = y. The only option
that has these characteristics is the bottom middle one.

If we project this shape onto the xy-plane, we will have the triangle bounded by x = 0, x = v,
and y = 1. Additionally, the top z-bound is z = y — x. Thie only option that has these
characteristics is the bottom left one.



7.(a) Let R be the region shown below right. Find a transformation T : R?> — &2 taking S
(3 points)
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(b) Consider the transformation T(u,v) =

(e“ ~ v, u+ v) whose behavior is depicted below.
Compute f f 3 dAvia an integral over S. (3 points)
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8. Let S be the surface in R® which is the boundary of the solid cube D= {~1=x<1,-1sys1,-1<sz<1}.

ForF(x,y,2) = (yz* + e +x, ze* + x+y, xe* + xy+2z), computef F-n dSby any valid method, where n is
the outward-pointing unit normal vector field. (4 points)
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9. Consider the region R below the surface z = 1 - x>~ y? and above the xy-plane. Compute the volume of R

(5 points) f\i?{ ( { ?
, | 1A
Vs E{::ﬁ i
H 7 ‘: 5 i 3 5’ Fi 7
i % i " - ; : ~ . ;
C(-r) dedb = | | o P3dedb
-\,Q/g} \Jgj

Volume = ??;/Ai?y

10. For each surface S in parts (a) and (b) give a parameterization r: D — S. Be sure to explicitly specify the

domain D and call your parameters u and v
(a) The portion of the surface x = y* shown atleft. (2 points)
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(b) The portion of the cylinder x* + z2 = 1 between the planes y=0and y=2. (3 pomts)
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(c) Let M be the surface in part (b). Is the surface integral f f y ds
M
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Circle your answer. (1 point)




(10.c) Answer: The surface M lives in the space y > 0. That, is, y is positive on most of M, and zero at
the rest of the points. This tells us the integral is positive.



11. Let S be the surface parameterized by r(u, v) = (i, uv, v) for-1<su<land-1<v<l.

(a) Mark the picture of S below. (2 points) é:c,e, nb(ﬁl 4 c:yc ﬁv MW .

(b) Completely setup, but do not evaluate, the surface integral f f x° dS. (5 points)
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(¢} Find the tangent plane to S at (0,0,0). [You must show work that justifies your answer.] (2 points)
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(11.a) Answer: If we look at the edges of the domain for the parametrization, we see that we’ll get straight
lines. For example, on the edge u = 1, the parametrization is

r(1,v) = (1,v,v)

which is a straight line. This rules out the middle option. Additionally, if we set u = 0, the
parametrization is r(0,v) = (0,0, v), which goes along the z-axis. This rules out the left option.



3'12. Consider the surface S parameterized by r(u, v) = (cosu, sinu,v) forOs u<2rand0<v<1.

(@) Mark the picture of S below. (2 points) see it p ,,\3‘_
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(b) Consider the vector field F = (yz, —xz, 1) which has curlF = (x, y, ~2z). Directly evaluate
f (curlF)-n dS via the given parameterization, where n is the outward normal vector field. (4 points)
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(12.a) Answer: Note that the components of this parametrization satisfy x? + y? = 1. Thus, the surface
must be a part of the cylinder around the z-axis of radius 1. The only option is the left one.



- 13. Consider the function f(x, y) on the rectangle D = {0 = x <4 and 0 = y < 2} whose graph is shown below

right. For each part, circle the best answer. (1 point each)
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(c) How many critical points does f have in 2]

the interior of D?
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(d) The integral f f flx,y)dAis:
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(e} For the curve C shown, the line integral f Vf-dris:
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(g) Mark the plot of the vector field V f.
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(13) Answer:

If we move along the surface starting from the point P in the positive y direction, we will move
uphill.

In the y direction, the function is “concave down”.

The critical points on the interior of D are maxima, minima, and saddlepoints. There is exactly
one maximum and one saddlepoint.

Since the integrand is f(z,y), which is positive everywhere on D, this integral will be positive.
By the Fundamental Theorem of Line Integrals, we have that this integral is f(Q)— f(P), where
Q is the point where C' ends. We estimate these values are f(P) =4 and f(Q) = 2.5.

Since the integrand is f(z,y), which is positive everywhere on C, this integral will be positive.
Remember, the gradient vector field points in the direction of steepest ascent. In particular,
around a maximum, it will point towards the maximum. In this case, we want a vector field
that, around P, points toward P. This is only satisfied by the bottom left option.
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'14. For each problem, circle the best answer. (1 point each)

(a) Consider the vector field F = (1, x, —z). The vector field F is: conservative é_:/;l()t conservative

=
R ————

(b) Mark the plot of F on the region where each of X, y,2i8in [0,1]:
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(c) For the leftmost vector field in part (b) is the divergence: | negative zero{/ positive | }
Let S and H be the surfaces at right; the boundary of S is -

the unit circle in the xy-plane, and H has no boundary. Let
G=(x, ¥ z).
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(14) Answer:

(a)

If the vector field F were conservative, we would have curl F = 0. Since curl F # 0, we have
that F is not conservative.

The option on the right is a constant vector field, which is inconsistent with F. The option on
the left has a changing z-component, which is again inconsistent with F.

If we imagine this vector field as describing the flow of a fluid, we see that it is flowing out of
the origin, which means the divergence is positive.

By Divergence Theorem, this integral calculates 3V, where V is the volume of the interior of
H.

Let D be the unit disk in the xy-plane, and let E be the region bounded by D and S. Divergence

Theorem tells us
//G.ndszg/// dV—/ G -nds.
S E D

Now the last integral in this equation is zero since, on D, the normal vector is perpendicular to
G.
Since curl G = 0, this integral is zero.



