1. Consider the vector field F(x, y) = (y + €*, x—cosy ). Find a function f(x, y) such that F =V f. (2 points)
- X _ G X - S

1 Yre' = f=(gre alx—')(l&-fe «C(g)

Tlen g = X+ C?

CA’U{- Q}‘—’-—*wsy =2 Cf-g-c()sy&y-.:-sim:g,.

. Stnee we want HWR do be oy - cosy |

SO ,‘{,.': ’)(ka -Fex‘-Sl\V\Y

fen= x4 +£ % - S Y

***By the Extreme Value Theorem, we need to check if the set is closed and bounded — then there MUST be a max/min. Otherwise, there might or might not have one.

2. For each of the given regions D in R? below, circle the phrase that makes the sentence true. (1 point each)

(c) A continuous functionon D = {x*+4 y2 < b}

piight or might not must not

have an absolute maximum.
**This set is not closed

(a) A continuous function on D = {x? +4y? = 5}

must @r might not)  must not

have an absolute maximum.

must

**This set is not bounded

(b) A continuous function on D = {x? + 4y? < 5} (d) A continuous function on D = {x? +4y* = 5}

muist might or might not must not

must not (

( must

might or might not

have an absolute maximum. have an absolute maximum.

3. Suppose f(x,y) is a differentiable function with continuous second order partial derivatives and values

given by the table below. (=1 0y |- 2 2 2
e L fen [ ey [ HeEn | b | fyan | fyp | ' % 2. -3 § ]
(-1,0)| 4 0 0 —2 -3 2 L &0
©n | o 0 1 1 2 0 3
2,1 -2 0 0 1 1 3 (2,\): [; ‘X:—-S’<O

For each of the given points, circle the best description of the point. (1 point each)

not critical local minimum @addle point undetermined

0,1) <@ local minimum local maximum saddle point undetermined

not critical local minimum local maximum ¢saddle point } undetermined

(-1,0)

f_y is not zero

2,13
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***By the Extreme Value Theorem, we need to check if the set is closed and bounded — then there MUST be a max/min.  Otherwise, there might or might not have one.�
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***This set is not bounded
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***This set is not closed
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f_y is not zero


4. Find the maximum and minimum values of the function f(x,y) = —x+2y on the curve x2+2y>=3. (5
points)

325&‘ 3(%,@): %Z—f Qujz., We seek Hre MM/W
O{ ‘F Sw J{(}f‘ fo ftw comshavit g=3 MM

Lajmmﬁ& Mo{ﬂ]f V‘F;‘ <"I;&>: //\\vét ﬂ>\<2xvqy7
=5 —]= Qax amd &=9Au. Nok fram Huat
@6'/*‘5, A Cannot be Zewo, awnd &0 1‘@&3 Qe

__?%- -aAX  amd 3’:: Ay = --’lx-;;l\g

=2 Y= - leomm:jw/ 0% cmsmt\/\i“’ﬂ =3

we qut Bz A2 (-1) 7= 3" K= |

= x =1 Thus Hluw awe two crit pts

(xer) = (171 whaee £ 2 =3 avel () = (1)
whewe £ 23 AsHee canve '?Q2‘+237'= 2 15 an
d\‘?se} i+ s closed and bownded ; s g s cond.
Tas Exdeeme Value Tam affines Ly Hell us tthat

aES Mt\/\/mm WWeS’f b;mz/‘% &wo(ﬁw VV\UAE,]L\Q_Q
&WMIM.@?{?‘ Hne ?‘rﬁ ‘\M#:‘e - “Thus

Minimum value = o 3

Maximum value = 4 3
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5. The contour map of a differentiable function
g is shown at right. For each part, circle the
best answer. (2 points each)

0.75

0.5
(a) The directional derivative Dy, g(P) is:

il ﬁ:: . ***g is increasing
< pOSlthC negative zero in this direction

(b) The vector u is parallel to Vg(Q).

= ***u is perpendicular
( True } False to the level sets, as
= is the gradient

(c) Estimate f glx, y) ds.
C
**g is decreasing at a roughly constant rate from

—12 —9-3 0369 12 _075—1“
zero to -12, so the average is approximatley -6.

(d) Findf Vg-dr. @ -9 -8 -3 0 3 6 9 12 The length is one, so the integral is -6.
C

***This is the fundamental Theorem of Line Integrals

6. Consider the curve C in R* whose projections onto the xy, xz and yz planes are:

1.9 1.0 1.0
[+2:] 0.8] 0.8
12 0.5 0.6
y z z
04 04 o4
0.2 0.2 3.2
0.0 0 o‘ﬁo 02 04 66 0.8 18
8.0 02 94 O0F 0B 140 84 o2 04 06 08 10 - - h
X x ¥y

Check the box below the three-dimensional plot of C. (2 points)

***For this curve, the xz-projection
should start and end at the same
points (it should look like a
closed curve).

**For this curve, the xz-projection
does not end at (.5,.5), as the
one above does.
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***g is increasing
in this direction�
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***u is perpendicular
to the level sets, as
is the gradient�
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**g is decreasing at a roughly constant rate from zero to -12, so the average is approximatley -6.  The length is one, so the integral is -6.
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***This is the fundamental Theorem of Line Integrals
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***For this curve, the xz-projection
should start and end at the same
points (it should look like a
closed curve).�
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**For this curve, the xz-projection
does not end at (.5,.5), as the
one above does.�


8.(a) Let S) be the surface defined by x = 2z? + y? (an elliptic paraboloid). Find an equation for the tangent
plane to §; at the point (3,—1,1). (4 points)

Q:—’X—{-tﬂzw-:l%l 5o S, = JA=0f Normal
%%W%M?ame s 2\7( -1 Z‘QJL‘%>‘UE(5 b )
e =, ‘1/ fzmhw s Thus
~1(x-3) +(2) () + 4(2- N =0 &
—x-w—;lg-ki/g::

Equation: | — | |x+| ~7) |¥+ S/ z= 3

2
(b) Let S; be as in the previous part, and let S, be the surface defined by y* + % =1 (a cylinder over an

ellipse). Find a vector function r(?) that parametrizes the curve that is the intersection of the surfaces S,

and Sz. Specify the range of the parameter values so that the function traces the curve exactly once. (4
oints

p ) >

/Pamm e é”lp5‘€ tg2+,§._ = / in 1hae (J%»F[cme
2

oy 5[ Cost and 2= Asmt for 0 teZm

Now o S ave K= Jz2%+ - Lo

= Q- (2sin 'ﬁ)+ Cos?t = ‘ 2 ‘6 ATy ‘.

= FsnH 4 | ‘

(=(TFsmtt4l  cost . Qsmt ) [ O 55| 2T




7. Let C be the curve in three-dimensional space parametrized by r(f) = (2cost, 2sint, t)for-n <t <.

(a) Find the mass of a thin wire in the shape of C,if the density function is p{(x, y,2) = x + 2+ 10. (5 points)

P\/\cvss:jw%ﬂo ds J (Zoosth *(:-Ho)l ‘(€)} dk

c -«
_ :J—g(\lsfmt4£¢[ot
TE/[-(;): (-—ZSM’b Zcos‘b Z

|7 Hf)l-J sintt+ Qcos®t 1) :Q\Oﬁ-ﬂ,
=\S

1|

T

+=-1

Mass = 20 J—é T

(b) Suppose that a particle moves along C/Find the work done on the particle by the force F(x, ¥,2) = yi—xj.

(5 points)
.
Wovk = Sf-d?:f (Zsmt -*2(,05'6/0\}0 (*‘ZSM‘}:) Zeost 0 M

C -7 w”“\"::*——-*-' ‘C?”“—J

F(7(¢)) (t)
- (et - Yeostteo db= -4 . gu:

-),_-T( —

= ~¥T

Work = — 81(1




9. Check the box below the picture of the curve r(f) = (sin t, cos?t >, 0<t=<2m. (2points)

y
1.0 X ",9 - ,
05 g - l — Xz.. 0.0
-0.2
y 00 -0.4
1.0 1.0 y
0.8 0.8 -0.6
0.6 -0 0.6
y 0.4 y 0.4 -0.8
0.2] 0.2
0.0 -10 00 -10
-1.0 -0.5 0.0 0.5 1.0 0.0 0.2 04 06 0.8 1.0 -1.0 -0.5 0.0 0.5 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X X X
VI
10. Avector field G is plotted at right.
. 1NN~ = » o/
(@) Circle the formula for G. (1 point) K<<= ———7>,
it Vi i i 05| NN~~~ <« — »~ |/
V] ] Jyi—] N~ — e
**Check at (0,1) YV O[NN~ =« « ~ /\ /
(b) Gisconservative. (1 point) NN~ s
05| N NN~ <« = »r |/
True @e) N P |
***The integral around the closed curve “1I NN SN~ — )
shown (the square) is positive, since
the top and bottom cancel, and the -1 =05 0 05 1
sides both contribute positively. X

11. The region D defined by {0.03 < x? + y? < 1.3} is shown at

right. Within this region are three curves A, B, C. Each
curve starts at (0,—1) and ends at (0,1). Suppose that
F(x,y) = P(x,))i+ Q(x, y)j is a differentiable vector field
defined on D with the properties

fF~dr:—1, and fF-drzZ.
A c

(@) The region D is simply connected.

F is conservative.

or _0Q
oy ox’
(1 point)

***There is a hole in the
middle so it cannot
be simply connected.

(b) (1 point)

***The integral around

- S~

Yes Cannot determine

the closed curve A.(-C)
is -1-2 = -3, which is not 0.

(c) Find f F-dr. (1 point)
B

-3 =25 -2 -15 -1 -05 0 05 1 1.5@2.5 3

***The curves B and C are
contained in a simply connected
open subset. So on this subset
the vector field is conservative,

and the integral over B and C
are thus equal.



clein
***Check at (0,1)

clein


clein


clein


clein
***The integral around the closed curve
shown (the square) is positive, since
the top and bottom cancel, and the
sides both contribute positively.�
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***There is a hole in the
middle so it cannot
be simply connected.�
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***The integral around
the closed curve A.(-C)
is -1-2 = -3, which is not 0.�
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***The curves B and C are
contained in a simply connected
open subset.  So on this subset
the vector field is conservative,
and the integral over B and C
are thus equal.�


