Math 241 Solutions Exam 4 Practice 2 Fall 2024

Question 1
Consider the vector field F on R? shown below right. For each part, circle the best answer. (1 point each)
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‘e) The vector field F is conservative: M

(a) The vectors in F point in the same general direction as the curve C (the angle
between F and the direction of C is acute). Thus the dot product F - dr is positive,
so the integral is positive.

(b) The curl of a vector field living in R* (two-dimensions) is always in the z direction,
s0 it cannot be (1,0,0).

If F = (P, @), note that () is always 0 in that part of the graph, so ‘?d—ff = 0. Since P

is increasing as y increases, %—i is positive. Thus:

_0Q oP
z-coord of curl (F) = P 2
= 0 — (positive)

= negative

The only answer with a negative z-coordinate is (0,0, —1).

Another way to answer this is by the right-hand rule. If you curl your fingers in
the direction F is rotating, your thumb points in the direction of curl (F). F is
turning clockwise, so your thumb will point into the page (which is in the negative 2
direction. (It may not look like it’s rotating since the vectors all point horizontally,
but consider this: let F be the low of water, and drop a stick in the water at A.
Then the stick will turn clockwise since the top is being pushed harder than the
bottom. )

(c) P goes from negative to positive as you move in the z direction, so P is increasing.
Thus g—i is positive. Also, () goes from negative to positive as you move in the y
direction, so %}? is positive. Then div (F) = %—i - %f is positive.

Intuitively, F flows away from B, so B is acting as a source, which means the

divergence is positive.

(d) The field is turning clockwise in R (by right-hand rule; see explanation for part (b)
to see why), so the curl is pointing in the negative z-direction. Since %‘3 - %—:’ is the

z-coordinate of curl, % — %—fj is negative and so the integral is negative.

(e) Conservative vector fields always have zero curl, and F has non-zero curl. (For
example, no matter what your answer for (b) is, it’s not zero.)
Another reason is that since ffﬂ %% — %dz‘l is non-zero, and ffR % - % dA =
faRF -dr by Green’s Theorem, then F is not path-independent since %RF -dr is
NOon=-zero.
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Question 2
Consider the surfaces S and H show below right; the boundary of S is the unit circle in the xy-plane, and
H has no boundary. For each part, circle the best answer.

a) ForF=(yz, xz+ x, z), the integral ff F-n dA is:
H
negative zero (1 point)

») The flux of curlF = ({—x,y,1) through H is:

negative positive (1 point)

c) The integral f fs (curlF)- dS is:

-2n @ 0 n 2n (2 points)

(d) ForG:(y, z, 2), the integral ffG*n dA is:
S
E—Ea -t 0 =m 2nm (2 points)

Explanations on next page.
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Q8 Continued.

(a) We have div (F) = 04+0+1 = 1. Let R be the three-dimensional inside of the surface
H. By the Divergence Theorem, [[, F-ndA = [[[ div(F)dV = [[[;1 dV =
Volume (R) > 0.

(b) By Stokes' Theorem, [[, curl (F)-dS = §,,, F -dr. But H has no boundary, so the
integral of anything over the boundary of H is zero.

(c) By Stokes’ Theorem, [[qcurl(F)-dS = §,F -dr. The boundary of S is the unit
circle in the zy-plane; the normal vector of S is downward, so the circle is oriented
clockwise (as viewed from above), by the right-hand rule.

There are two options to go from here. The first: by Stokes’ Theorem, any other
surface with the same boundary and orientation has the same flux integral of curl (F).
The unit disk in the zy-plane, pointing dewnwards, is one such surface. Then:

f fs curl (F) - dS = f /d cul(F)-ds
:f[diSk(—a:,y,l)—{D,O,-l}dA

/f -1dA
disk

= — Area(disk)
= -7

The other option is to calculate the line integral over the boundary directly. r(t) =
(sint,cost,0), 0 < t < 2r is a parametrization of the circle, going clockwise. Also,
r' (t) = {(cost, —sint,0). Then:

fj;chLrl(F}-dS:ﬁSFdr

2m
- /ﬂ F(r () (£) dt

= /% ((cost) (0),(sint) (0) + sint,0) - (cost, —sint, 0} dt

2
= / —sin? (t) dt
0

= =T

(d) Make S into a solid three-dimensional shape R by adding the unit disk, oriented
upwards, so that the orientation of the boundary R is outwards. Then f[[,, =
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Question 3

3 3
Let F(x, y,2) = <~3— x* cos(z) + —}g— %-) and let S denote the surface deﬁned by x% + y? + 2% = 1, equipped

with the inward-pointing unit normal vector field n. Compute f f F- @ by any valid method. (6 points)
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Question 4

Let C be the oriented curve in R? shown at right. For the vector field F(x, y) = (x3,x2),

use Green'’s theorem to evaluate I F-dr. (6 points) y ? @
c A
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{cosu, sing, 1} ford=u=2mand0=<wv=1.

Question 5
onsider the surface $ parameterized by r{u, 1)

(a} Mark the picture of S below. (2 points)

(b) Consider the vector field F= {yz, —xz, 1} which has curlF = {x, y, ~2z). Directly evaluate

f {curlF)-n 48 via the given parameterization, whete n is the outward normal vector field. (4 points)
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fL[r:urlF}-n ds = 271

= (,Cﬁsu sinuy 0

-

{c) Check your answer in {(b) using Stokes’ Theorem. (4 points) )%#?Im +a/ L
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Question 6
For each problem, circle the best answer. (1 point each)

w v

21

{a} Consider the vector field F = (1, x, —z). The vector field F is: conservative (:J not conservative |

. o

(b) Mark the plot of F on the region where each of x, y, z is in [0, 1]

{c) Forthe leftmost vector field in part (b) is the divergence: | negative zero( positive ﬁ“s
: 2

Let S and H be the surfaces at right; the boundary of S is
the unit circle in the xy-plane, and H has no boundary. Let
G={x,y 2).

(d) The ﬂuxf G-m dS is:
H }

. — ™,
[ negative zem( positive |
— b

— __,..’/:

(e) The flux ff G-ndS is: | negative zermf' positive ;I
(f) The flux f L (curlG)-n dSis:| negative (, ZETO \* positive
\.__u_h__,/

Explanations on next page.
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Q12 Continued.

Answer:

(a) If the vector field F were conservative, we would have curl F = 0. Since curl F' # 0, we have
that F is not conservative.

(b) The option on the right is a constant vector field, which is inconsistent with F. The option on
the left has a changing r-component, which is again inconsistent with F.

(c) If we imagine this vector field as describing the flow of a fluid, we see that it is flowing out of
the origin, which means the divergence is positive.

(d) By Divergence Theorem, this integral calculates 3V, where V' is the volume of the interior of
H

(e} Let D be the unit disk in the ry-plane, and let E' be the region bounded by ) and S. Divergence

Theorem tells us
ffG-ndS:Effde—f G -nds.
5 E I

Mow the last integral in this equation is gero since, on [, the normal vector is perpendicular to
G.
(f) Since curl G = 0, this integral is zero.



